A detailed Hamiltonian analysis for a five-dimensional Kalb-Ramond, massive Kalb-Ramond and Stüeckelberg Kalb-Ramond theories with a compact dimension is performed. We develop a complete constraint program, then we quantize the theory by constructing the Dirac brackets. From the gauge transformations of the theories, we fix a particular gauge and we find pseudo-Goldstone bosons in Kalb-Ramond and Stüeckelberg Kalb-Ramond's effective theories. Finally we discuss some remarks and prospects.
I. INTRODUCTION
It is well-know that antisymmetric tensor fields have an important relevance in theoretical physics. In fact, the antisymmetric tensor fields has been used for describing mass zero spinless as well as vector particles [1] [2] [3] [4] [5] [6] ; in other cases, they appear in some formulations of supergravity theories [7] [8] [9] and as a way of gauging the apparent internal supersymmetry of the weak interactions [10] . In string theory, antisymmetric fields are mediators of the interaction between open strings with charged particles [11] , and also they are a fundamental block for describing the unification of Yang-Mills and supergravity [12] . Moreover, they have also an important role characterizing defects in solid state physics [13] .
For the reasons explained above, in this paper we analyze in the context of extra dimensions theories involving antisymmetric tensor fields. We study three models; 5D Kalb-Ramond, 5D Proca Kalb-Ramond and 5D Stüeckelberg Kalb-Ramond theories [14] . We carryout the compactification process on a S 1 /Z 2 orbifold obtaining an effective Lagrangian composed by a four-dimensional theory plus a tower of kk-excitations. We analize the effects of the compactification process on * Electronic address: aescalan@ifuap.buap.mx
where the strength fields
, with B LM = −B ML is the KalbRamond field. In this manner, for studying the theory in the context of Kaluza-Klein modes, we express any dynamical variable defined on M 4 × S 1 /Z 2 as a complete set of harmonics [15] [16] [17] [18] B µν (x, y) = 1 √ 2πR B 
For this theory, the dynamical variables for the zero mode are given by B
0i , B
ij and for the kk-modes are B i5 with i, j = 1, 2, 3. We shall suppose that the number of kkexcitations is k, and we will take the limit k → ∞ at the end of the calculations, thus, n = the following effective Lagrangian given by
In this manner, we can compute the following Hessian of the theory
it is straightforward to observe that the Hessian has a rank=4 and 4(k − 1) null vectors, thus, we expect 4(k − 1) primary constraints. Therefore, from the definition of the momenta
(n) ) canonically conjugate to (B
ij , B
(n) ij , B 
we obtain the following 4(k − 1) primary constraints
In this manner, by using the definition of the momenta, we obtain the following canonical Hamilto-
thus, the primary Hamiltonian takes the form
where
0i and a (n) 05 are Lagrange multipliers enforcing the constraints, and the fundamental Poisson brackets are
Therefore, in order to determine if there are more constraints we calculate consistency relations among the constraints and we obtain the following secondary constraintṡ
For this theory there are not third constraints. Therefore, we have obtained the following 8k − 2 constraints
we are able to observe that these constraints are all of first class. However, they are not all independent because there are reducibility conditions among the constraints in both, the zero mode and the kk-excitations. These conditions are given by the following k relations
thus, for the theory under study there are [(8k − 2) − k] = 7k − 2 independent first class constraints.
Therefore, the counting of degrees of freedom is performed as follows; there are 20k − 8 dynamical variables and 7k − 2 independent first class constraints, thus we obtain that the number of physical degrees of freedom is given by
we observe if k = 1, then there is one degree of freedom, it is associated with the zero mode which correspond to 4D Kalb-Ramond theory without an extra dimension.
Because we have obtained a set of first class constraints, we can calculate the gauge transformations of the theory. For this aim, we define the following gauge generator of the theory
In this manner, we obtain the gauge transformations of the theory given by
however, they can be written as the following compact expressions
we can observe from (16) that by fixing the following gauge
we find that the fields B (n) µν transforms as
Therefore, by taking into account (17) and (18) in the effective Lagrangian (3) we obtain
where we can observe that the fields B (n) µ5 has been absorbed and therefore they are identified as a pseudo-Goldstone bosons. It is important to remark, that also there are present pseudo-Goldstone bosons in 5D-Maxwell and 5D-Stüeckelberg theories with a compact dimension [16, 19] . This fact, show a close relation among Maxwell theory and Kalb-Ramond theory. Now we will procedure to calculate the Dirac brackets among the physical fields. For this aim, we observe in the constraints that there are not mixed terms of the zero modes with the kk-excitations, thus, we can calculate the Dirac brackets independently for each case. First, we will calculate the Dirac brackets for the zero-mode, then for the kk-excitations. We need to remember that all the constraints are of first class, hence, we need to fix the gauge in order to obtain a set of second class constraints. Because the constraints are reducible, we introduce auxiliary variables by using the phase space extension procedure [14] , thus we will work with the following set of constraints
where q (0) y p (0) are auxiliary fields satisfying the following relations
It is important to remark, that the introduction of the these auxiliary variables converts the constraints in a set of irreducible constraints, therefore it is possible to calculate the Dirac brackets of the theory. In this way, we obtain the following matrix whose entries are the Poisson brackets among the constraints (20) given by
where its inverse is given by
In this manner, the Dirac brackets of two functionals A, B defined on the phase space, are expressed by
where {F (x), G(z)} is the Poisson bracket between two functionals F, G, and
represent the second class constraints. By using this fact, we obtain the following nonzero Dirac's brackets for the zero-mode
Furthermore, the Dirac brackets among physical and auxiliary variables vanish
We are able to observe that the Dirac brackets are independent of the auxiliary variables [14] .
Now, we will compute the Dirac brackets for the kk-excitations. Just as it was performed above, we fix the gauge and also we will introduce auxiliary variables; we need to remember that for the constraints of the kk-excitations there are reducibility conditions as well. In this manner, we will work with the following set of independent second class constraints
just as above, the auxiliary fields q (n) and p (n) satisfy
Therefore, the non-zero Poisson brackets among the constraints are given by
thus, we obtain the following matrix 
where its inverse is given by 
In this way, we obtain the following non-zero Dirac brackets
and the Dirac brackets between physical and auxiliary variables vanish as expected, this is
III.
5D PROCA KALB-RAMOND THEORY WITH A COMPACT DIMENSION
In this section we shall analyze the following action
where the fields B MN and H MN K are defined as above. By performing the 4+1 decomposition, the Lagrangian (31) takes the form
thus, by taking into account the expansion (2) and integrating over the compact dimension we obtain the following effective Lagrangian
.
In order to perform the Hamiltonian analysis, we observe that the Hessian
has a rank=4 and 4(k − 1) null vectors, thus, we expect 4(k − 1) primary constraints. Therefore, from the definition of the momenta (Π
thus, we identify the following 4k − 1 primary constraints
By using the definition of the momenta, we obtain the canonical Hamiltonian
and the primary Hamiltonian is given by
where a
0i and a 
In oder to observe if there are more constraints, we demand consistency conditions for the primary constraints and we obtain the following secondary constraintṡ
for this theory there are not third constraints. Therefore, the full set of constraints for the theory is given by
We can observe that the constraints given above are of second class and there are not reducibility conditions. In fact, the term of mass breaks down both, the gauge invariance of the kinetic term and the reducibility conditions among the constraints. Therefore, the counting of physical degrees of freedom is carry out in the following form; there are 20k − 8 dynamical variables and 8k − 2 independent second class constraints, thus there are
degrees of freedom. We observe that if we take k = 1, then we obtain DF = 3 as expected. On the other hand, we can observe that each excitation contribute with 6 degrees of freedom. Now we will calculate the Dirac brackets of the theory. For this aim, we rewrite the constraints in the following form
we observe that the zero-modes and the excited modes are not mixed in the constraints, hence, we will calculate the Dirac brackets independently as was performed in above section. For the zero-mode we obtain
thus, the matrix whose entries are the Poisson brackets among the second class constraints for the zero-mode take the form
and it has an inverse given by
In this manner, the Dirac brackets of two functionals A, B defined on the phase space, is expressed by
where {F (x), G(z)} is the Poisson bracket between two functionals F, G, and ξ α = (χ 1 , χ 2 ) represent the second class constraints. By using this fact, we obtain the following nonzero Dirac's brackets for the zero-mode
Now, we will calculate the Dirac brackets for the kk-excitations. For this aim, we calculate the Poisson brackets among the second class constraints of the kk-excitations. The nonzero brackets are given by
thus, the matrix whose entries are the poisson brackets among the second class constraints is given by
this matrix has as inverse
In this manner, we obtain the following nonzero Dirac brackets for the kk-excitations
Therefore, we have computed the Dirac brackets of the theory and we can perform its canonical quantization.
IV. 5D STÜECKELBERG KALB-RAMOND THEORY WITH A COMPACT DIMENSION
Now, we will study the following action
where the field strength H MN L are defined as above, Φ N is the Stüeckelberg field and
. Just as in above sections, we can expand the fields in terms of the following series
and integrating over the fifth dimension, we obtain the following effective Lagrangian
We can observe that the effective Lagrangian describes a 4D Stüeckelberg Kalb-Ramond theory plus a tower of kk-excitations. For this theory, the Hessian of the Lagrangian (49) given by
has rank= 8k−7 and 5k−1 null vectors, this means that we expect 5k−1 primary constraints. Therefore, from the definition of the momenta (Π
thus, we identify the following 5k − 1 primary constraints
On the other hand, by using the definition of the momenta we identify the canonical Hamiltonian given by
and the primary Hamiltonian takes the following form
0i and a (n) 05 are Lagrange multipliers enforcing the constraints. For this theory, the fundamental Poisson brackets are given by
On the other hand, by demanding consistency among the constraints, we find the following secondary
For this theory, there are not third constraints. In this manner, we have found the following set of
we are able to observe that all these 10k − 2 constraints are of first class. It is important to comment that the Stüeckelberg's field convert to Proca Kalb-Ramond theory in a full gauge theory. In the Proca Kalb-Ramond model studied in above section, there are only second class constraints and there are not reducibility relations among the constraints. In this Stüeckelberg Kalb-Ramond theory there are only first class constraints and there are reducibility among the constraints in both, zero modes and kk-excitations. These reducibility conditions are given by the following k relations
thus, the number of independent first class constraints is [(10k − 2) − k] = 9k − 2. In this manner, the counting of physical degrees of freedom is carry out in the following way; there are 30k − 10 dynamical variables and 9k − 2 independent first class constraints, thus, the number of physical degrees of freedom is
we observe if k = 1, then there are 3 degrees of freedom as expected. In fact, Stüeckelberg KalbRamond and Proca Kalb-Ramond have the same number of physical degrees of freedom, however, the former is a full gauge theory while the latter is not. We also can observe, that for each excitation there is a contribution of 6 degrees of freedom, just as it is present in the Kalb-Ramond theory.
We have observed that Stüeckelberg Kalb-Ramond is a reducible system with only first class constraints, this means that the theory is a gauge theory. Hence, we shall calculate the gauge transformations of the theory. For this aim, we define the following gauge generator
thus, the following gauge transformations of the theory are obtained
we can write these gauge transformations in the following compact form
the fields transform like
under that fixed gauge the effective Lagrangian (49) is reduced to
this means that the fields Φ (n) 5
and B
(n) 5µ has been absorbed and they are identified as pseudoGoldstone bosons, something similar is also present in the free 5D Stüeckelberg theory [19] .
On the other hand, because of the zero modes and the kk-excitations are not mixed in the constraints we procedure to calculate the Dirac brackets for all the modes. In fact, by fixing the gauge we have the following constraints for the zero mode
now the constraints are of second class and we have introduced the auxiliary variables q (0) and p (0) in order to have independent second class constraints. The auxiliary variables satisfy
In this manner, the nonzero Poisson brackets among the constraints (66) are given by
thus, we form the following matrix whose entries are given by the Poisson brackets (68) 
the inverse of this matrix is 
In this manner, we obtain the following nonzero Dirac brackets among the physical fields
and we can observe that the Dirac brackets among physical and the auxiliary variables vanish as expected. In fact, the auxiliary fields do not contribute to the theory and they can be taken as zero at the end of the calculations [14] . Now, we will calculate the Dirac brackets for the kk-excitations. In fact, by fixing the gauge and introducing auxiliary variables we obtain the following set of second class constraints By using this matrix, we obtain the following nonzero Dirac brackets
On the other hand, for the Proca Kalb-Ramond theory we observed that the theory is not a gauge theory as expected. In fact, for the mode zero and for the kk-excitations we found that there are only second class constraints, there are not reducibility conditions and there are not present pseudo-Goldstone bosons. We constructed the Dirac brackets for the zero mode and the kk-excitations.
Furthermore, we performed the Hamiltonian analysis for Stüeckelberg Kalb-Ramond theory. We found that the theory have only first class constraints; there are reducibility conditions among the constraints of the zero mode and reducibility conditions for the kk-excitations. By fixing the gauge parameters we can observe that the fields Φ (n) 5 and B
(n) 5µ are identified as pseudo-Goldstone bosons, thus, the theory describes a 4D Stüeckelberg Kalb-Ramond fields plus a tower of massive kk-excitations. In order to construct the Dirac brackets, we used the phase space extension procedure for obtaining a irreducible set of second class constraints and we could construct the Dirac brackets for the zero mode and for the kk-excitations. In this manner, we have all tools for performing the quantization of the theories under study. In fact, we can calculate the propagators among the physical fields by using the Dirac brackets. In this respect, we would like to comment that the quantization of the theories by using the results of this work and by using the symplectic method is already in progress, and all these ideas will be the subject of forthcoming works [20] .
